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1 Introduction 

This is the sixth in a series of papers (lj, |l5|, [l6| [l?], |l8) constructing explicit 
examples of special Lagrangian submanifolds (SL m-folds) in C m . The principal 
motivation for the series is to study the singularities of SL m-folds, especially 
when m = 3. This paper also has a second objective, which is to connect SL 
m-folds with the theory of integrable systems, and to arouse interest in special 
Lagrangian geometry within the integrable systems community. 

We begin in §|^ with a brief introduction to special Lagrangian submanifolds 
in C™, which are a class of real m-dimensional minimal submanifolds in C m , 
defined using calibrated geometry. Section |^ then gives a rather longer intro- 
duction to harmonic maps ip : S^> CP™ , where S is a Riemann surface. Such 
maps form an integrable system, and have a complex and highly-developed the- 
ory involving the Toda lattice equations, loop groups, and classification using 
spectral curves. 

Section [| explains the connection of this with special Lagrangian geometry. 
Let N be a special Lagrangian cone in C 3 , and set S = N n S 5 . Then E is a 
minimal Legendrian surface in S 5 , and so the image of a conformal harmonic 
map (p : S — > 5 from a Riemann surface S. The projection ip — 7r o <fr of <f> from 
<S 5 to CP 2 is also conformal and harmonic, with Lagrangian image. 

Thus, ip can be analyzed in the integrable systems framework of §|[ As the 
image of ip is Lagrangian there is a simplification, in which the SU(3) Toda lat- 
tice equation reduces to the Tzitzeica eguation, and the spectral curve acquires 
an extra symmetry. We use the integrable systems theory to give parameter 
counts for the expected families of SL T 2 -cones in C 3 . 

In §|| we give an explicit construction of special Lagrangian cones N in C 3 , 
involving two commuting o.d.e.s, and reducing to constructions given in JTJ, [l5| 
in special cases. Taking the intersection with 5 5 , we obtain families of explicit 
conformal harmonic maps <j) : M 2 — * S 5 and tp : R 2 — » CP 2 . Under some 
circumstances we can solve the conditions for these maps to be doubly-periodic 
in K 2 , and so to push down to harmonic maps T 2 — > S 5 and T 2 CP 2 . 

Section |] analyzes this family of harmonic maps ip '■ R 2 — > CP 2 from the 
point of view of integrable systems. We find that for generic initial data ip 
is superconformal, and explicitly determine its harmonic sequence, Toda and 
Tzitzeica solutions, algebra of polynomial Killing fields, and spectral curve. In 
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§0 we generalize the ideas of §|| to give a new construction of special Lagrangian 
3-folds in C 3 , which involves three commuting o.d.e.s, and reduces to the con- 
struction of §|| in a special case. 

We end with an open problem. The SL 3-folds of §[?] look very similar to 
those of §|5|, and share many of the hallmarks of integrable systems - commut- 
ing o.d.e.s, elliptic functions, conserved quantities. The author wonders whether 
these examples can also be explained in terms of some higher-dimensional inte- 
grable system, and indeed whether the special Lagrangian equations themselves 
are in some sense integrable. 

Acknowledgements. I would like to thank Ian Mcintosh, Karen Uhlenbeck, 
Robert Bryant and Mark Haskins for helpful conversations. I would also like to 
thank the organizers of the 'Integrable Systems in Differential Geometry' con- 
ference, Tokyo, 2000, where I began to understand the material of §|| and §|(| 



2 Special Lagrangian submanifolds in C m 

We begin by defining calibrations and calibrated submanifolds, following Harvey 
and Lawson jl2| . 

Definition 2.1 Let (M,g) be a Riemannian manifold. An oriented tangent 
k-plane V on M is a vector subspace V of some tangent space T X M to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent fc-plane on 
M then g\v is a Euclidean metric on V, so combining g\v with the orientation 
on V gives a natural volume form voly on V , which is a fc-form on V . 

Now let ip be a closed fc-form on M. We say that <p is a calibration on M if 
for every oriented fc-plane V on M we have <p\y ^ voly. Here ip\v — a ■ voly 
for some a G M, and ip\v ^ voly if a ^ 1. Let N be an oriented submanifold 
of M with dimension fc. Then each tangent space T X N for x € N is an oriented 
tangent fc-plane. We say that TV is a calibrated submanifold if ^p\t^n = voIj^at 
for all x € N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds [|l2|, Th. II. 4. 2]. Here is the definition of special Lagrangian sub- 
manifolds in C m , taken from jlj], §111]. 

Definition 2.2 Let C m have complex coordinates . . . ,z m ), and define a 
metric g, a real 2-form u> and a complex m-form Q on C m by 

5 = |dzi| 2 H h |dz m | 2 , ui = -(dz! A &z\ H V dz m A dz m ), 

I (1) 

and fl = dz\ A • • • A dz m . 

Then Re fl and Im f2 are real m-forms on C m . Let L be an oriented real sub- 
manifold of C m of real dimension m, and let 9 S [0, 2ir). We say that L is a 
special Lagrangian submanifold of C m if L is calibrated with respect to Re f2, 



in the sense of Definition 2.1. We will often abbreviate 'special Lagrangian' by 
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'SL', and 'm-dimensional submanifold' by 'ra-fold', so that we shall talk about 
SL m-folds in C m . 

As in |Q there is also a more general definition of special Lagrangian sub- 
manifolds involving a phase e 10 , but we will not use it in this paper. Harvey 
and Lawson jl2| Cor. III. 1.11] give the following alternative characterization of 
special Lagrangian submanifolds. 

Proposition 2.3 Let L be a real m-dimensional submanifold of C m . Then L 
admits an orientation making it into an SL submanifold of C m if and only if 
= and Imf2|£ = 0. 

Note that an m-dimensional submanifold L in C™ 1 is called Lagrangian if 
u\l = 0. Thus special Lagrangian submanifolds are Lagrangian submanifolds 
satisfying the extra condition that Imfi|L = 0, which is how they get their 
name. 

3 Harmonic maps and integrable systems 

A map <fi : S — > M of Riemannian manifolds is harmonic if it extremizes the 
energy functional f g \d<fi\ 2 dV. When S is 2-dimensional, the energy is confor- 
mally invariant, so that we may take S to be a Ricmann surface. In this case, if 
<j> is conformal, then <jj is harmonic if and only if <f>(S) is minimal in M. Thus, 
harmonic maps are closely connected to minimal surfaces. 

We shall describe a relationship, due to Bolton, Pedit and Woodward Q, 
between a special class of harmonic maps tp : S — * CP™" 1 called superconformal 
harmonic maps, and solutions of the Toda lattice equations for SU(m). Then 
we will explain how superconformal maps can be studied using loop groups and 
loop algebras. 

This leads to the definition of polynomial Killing fields and a special class of 
superconformal maps called finite type, which include all maps from T 2 . Finally 
we explain how to associate a Riemann surface called the spectral curve to each 
finite type superconformal map, and that finite type harmonic maps can be 
classified in terms of algebro-geometric data including the spectral curve. 

This is a deep and complex subject, and we cannot do it justice in a few 
pages. A good general reference on the following material is Fordy and Wood 
[iol, in particular, the articles by Bolton and Woodward jl0[ p. 59-82], Mcintosh 
@ p. 205-220] and Burstall and Pedit Jn], p. 221-272]. 

3.1 The harmonic sequence and superconformal maps 

Suppose S is a connected Riemann surface and ip : S — * CP m_1 a harmonic 
map. Then the harmonic sequence (ipk) of ^ is a sequence of harmonic maps 
ip k :S^> CP'" -1 with = V>, defined in Bolton and Woodward {§ §1]. Each 
ipk '■ S — * CP m_1 defines a holomorphic line subbundlc Lk of the trivial vector 
bundle S x C m , where a section s of Lk is defined to be holomorphic if ds/dz 
is orthogonal to Lk- 
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The ipk and L k are characterized by the following property. If U is an open 
subset of S and z a holomorphic coordinate on U, then any nonzero holomorphic 
section (f> of L over U may be extended uniquely to a sequence of nonzero 
holomorphic sections <p k of L k over U satisfying 

(cp k ,(p k+ i) = 0, — = <p k+ i + — (log |^> fc | 2 )0fc 

oz oz , 

, dcb k |^ fc | 2 , f ... W 

and -— = -— [70fe_i for all fc, 

where ( , ) is the standard Hermitian product on C m . (Actually one should 
allow the <p k to be meromorphic, but we will ignore this point.) If (4> k ), (<p' k ) 
both satisfy (||) then <p' k = f(j) k for some holomorphic / : U — > C* and all k, 
where C* = C \ {0}. Thus ipk = [<p k ] is independent of the choice of <po. 

Note that ip k may not be defined for all fceZ. For if ip^ : S — > CP" 1-1 is 
holomorphic then = 0, so that </>fc+i = and V'fc+i is undefined, and the 
sequence terminates above at ip k . Similarly, if ip k is antiholomorphic then iftk—i 
is undefined, and the sequence terminates below at i\) k . 

If ip k exists for all k G Z then ^ is called non-isotropic. Otherwise ip is called 
isotropic. Isotropic maps ip : S — > CP m_1 were studied by Eells and Wood 
They all arise by projection from certain holomorphic maps into a complex flag 
manifold, and so are fairly easy to understand and construct. 

Harmonic sequences have strong orthogonality properties. Two points in 
CP" 1-1 are called orthogonal if the corresponding lines in C m are orthogonal at 
all points, and two maps il>j,ip k : S — > CP m_1 are called orthogonal if ^(s) and 
ipk(s) are orthogonal in CP m_1 for all s € S. 

Bolton and Woodward (|, Prop. 2.4] show that if some set of I consecutive 
terms in a harmonic sequence {ip k ) are mutually orthogonal, then every set of I 
consecutive terms of (ip k ) are mutually orthogonal. A harmonic map ip : S — > 
CP 1 "" 1 and its harmonic sequence (ip k ) are both called I- orthogonal if every set 
of I consecutive terms are mutually orthogonal. 

Clearly, every harmonic sequence is 2-orthogonal. It is easy to show that 
ijj = ipo is conformal if and only if ?pi and ip-i are orthogonal. Therefore, tp is 
3-orthogonal if and only if it is conformal, and then all the elements ip k of the 
harmonic sequence are also conformal. 

The maximum number of mutually orthogonal elements of CP" 1-1 is m, and 
so a harmonic map ip '■ S — » CP" 1-1 is at most m-orthogonal. A nonisotropic, 
m-orthogonal harmonic map tp : S — > CP" 1-1 is called super -conformal. The 
harmonic sequence of a superconformal map ip is periodic, with period m, so 
that tpk+m = Tpk for all k. 

A nonisotropic, conformal harmonic map tp : S — > CP 2 is superconformal, as 
ip is 3-orthogonal because it is conformal, from above. Thus, every conformal 
harmonic map tp : S — > CP 2 is either isotropic or superconformal. 
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3.2 The Toda lattice equations 

The Toda lattice equations for SU(m) may be written as follows. For all k € Z, 
let Xk '■ C — > (0, oo) be differentiable functions satisfying 

Xk+m = Xk for all k e Z, X0X1 ' ' ' Xro-i = 1> and (3) 
d 2 

g^( l °SXk) =Xk+iX k 1 ~XkX k -i forallfceZ. (4) 

They are important integrable equations in mathematical physics, and large 
classes of solutions to them may be constructed using loop algebra methods. 

We shall show how to construct a solution of (|J)-(|]) from a superconformal 
map ip : S — > CP 1 ™" 1 . Use the notation of §[0], and suppose t/j is supercon- 
formal. Define functions Xk : U — ► (0, oo) by %fc = |0fe| 2 - Using the fact that 
d 2 (f>k/dzdz = d 2 (f>k/dzdz, one can show using (Q) that 

^logl^-'^' 2 l^l 2 



dzdz \4> k \ 2 

Thus the \k satisfy (Q). 

To make the Xk satisfy (||) as well, we need to choose the coordinate z and 
lifts <j>k more carefully. As tp is superconformal, the ipk are periodic with period 
m. We shall arrange for the lifts (f>k also to be periodic with period m. Then 
Xk+m = Xk for all k, the first equation of (||). This can be done by a suitable 
choice of holomorphic coordinate z. 

It is not difficult to show that the <pk satisfy 4>k+m = £,4>k for all fc, where 
^ is a nonzero holomorphic function on U. If we change to a new holomorphic 
coordinate z' on U, then ^ is replaced by 



Thus, by changing coordinates we can arrange that £ = 1, so that = 4>k 

for all fc, as we want. A holomorphic coordinate z on an open subset U of S 
with this property is called special |l^, p. 65]. Such coordinates are unique up 
to addition of a constant, and multiplication by an m th root of unity. 

Suppose from now on that z is special, so that 4>k+m = 4>k for all k. It 
remains to show that we can choose the <f>k such that the second equation of @ 
holds. Regard the 4>k as complex column vectors, so that (<po 4>i ■ ■ ■ 4> m -i) is a 
complex m x m matrix. Then the determinant det(0o <j>i ■ • • <^m-i) is a nonzero 
holomorphic function on U. 

From above, the <j) k arc defined uniquely up to multiplication by some holo- 
morphic function / : U — * C*. By multiplying the <pk by a suitable / we can 
arrange that 

det(<t> fa ■ " <t> m -l) = 1- (6) 
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This fixes the <j>k uniquely up to multiplication by an m th root of unity. As tp 
is superconformal, 4>o> ■ ■ ■ , 0m- 1 are complex orthogonal in C m . It follows that 

X0X1 ■ ■ 'Xm-i = l^o I 2 |0i I 2 • • • \<p m -i\ 2 = |det(0 o 0i • • -0m-i)| 2 = 1, 

so that the second equation of (||) holds. Thus equations hold, and the 

Xk satisfy the Toda lattice equations for SU(m). 

When S is a torus T 2 and tp : S — > CP m_1 a superconformal harmonic map, 
from J|, Cor. 2.7] and Jl0|, p. 67-8] there exists a global special holomorphic 
coordinate z on the universal cover C of T 2 , which then yields a solution (xk) 
of the Toda lattice equations on the whole of C. In particular, there are 

no 'higher order singularities', and the 4>k and £ do not have zeros or poles. 



3.3 Toda frames and the reconstruction of ifj 

Above we saw how to construct a solution (xk) of the Toda lattice equations for 
SU(m) out of a superconformal harmonic map V : S -> CP™" 1 . We shall now 
explain how to go the other way, and reconstruct i\) from (xfc)- We continue to 
use the same notation. 

Define F : U -► GL(m,C) by F = (f fx ■ ■ ■ f m -i) , where /, = l^l" 1 ^- 
Then as 0o, • • • , 0m- 1 are complex orthogonal and det(^>o 4>\ • • ■ 0m- 1) = 1, -F 
actually maps [7 — > SU(m). We call F a Toda frame for ^ on [7, p. 126]. 
Define a to be the matrix-valued 1-form F~ 1 dF on U. Then by (g) we find that 
a is given by 

( -|Jdlogxo -Xi /2 X(7 1/2d ^ Xo /2 Xm-i dz \ 

1/2 -1/2, j ,,, 

Xi Xo dz -f Jdlogxi 

1/2-1/2, ■ 1/2 -1/2, - 

X 2 Xl dz • -Xm-2Xm-3 d2: 

-fJdl0gXm-2 -Xm-lXm-2 d ^ 



V-Xo 7 2 Xm-l dz Xm-lXm-2 2dz -|Jdl0gXm-l7 



(7) 



where J is the complex structure on U. 

Now a is a 1-form on U with values in su(m), so we may regard it as a 
connection 1-form upon the trivial SU(m)-bundle over U. The connection d + a 
is automatically flat, as a is of the form F~ 1 dF, so that a satisfies 

da+i[aAa]=0. (8) 

Furthermore, a depends only on the solution (x*;) of the Toda equations. 

Thus, to reconstruct ip from (xfc), we proceed as follows. Given (xfc), we can 
write down the flat su(m)-connection d + a on U. Then we retrieve the Toda 
frame F : U — » SU(m) by solving the equation dF = Fa, which is in effect 
two commuting first-order linear o.d.e.s. If U is simply-connected there exists a 
solution F, which is unique up to multiplication F i— > AF by some A G SU(m). 
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Finally we define ip — [fo], where fo is the first column of F. In this way, 
any solution (x/t) of the Toda lattice equations on a simply-connected open set 
U in C generates a superconformal map ip : U — > CP" 1-1 , which is unique up to 
multiplication by A S SU(m), that is, up to automorphisms of CP™ -1 . 



3.4 Loop groups and loops of flat connections 

A large part of the integrable systems literature on harmonic maps is formulated 
in terms of infinite-dimensional Lie groups known as loop groups. If G is a finite- 
dimensional Lie group, the loop group LG is the group of smooth maps S 1 — > G, 
under pointwise multiplication and inverses, and the corresponding loop algebra 
Lq is the Lie algebra of smooth maps S 1 — ► g, where g is the Lie algebra of G. 



In the situation of §3.3, for each A e C with |A| = 1, define an su(m)-valued 
1-form ax on U to be 

I -iJdlogxo -AxJ /2 Xo 1/2 dz ^Xo Xm-i dz \ 

A _1 Xi /2 Xo V2 dz -^Jdlogxi 



A l x\ /2 Xi 1/2 dz '■■ -Xxli^Xm-adz 
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Jdl0gXm-2 -AXm-lXm-^d 



\-*>xl Xm-i dz X 1 xJi-iX m 1 -2 dz -|^dlogx m -i ) 

(9) 

When A = 1 this coincides with the 1-form a of (0). Using the Toda lattice 
equations one can show that d + a\ is also a fiat SU(m)-connection, so that 

da A + i[a A Aa A ] =0. (10) 

Thus the family {a a} gives a loop of flat connections. We can interpret this 
in loop group terms as follows. We defined the a\ as an S 1 family of 1-forms on 
U C C with values in su(m) , but we can instead regard it as a single 1-form on U 
with values in the loop algebra Lsu(to). So the a\ give an L SU(m)-connection 
on U, which turns out to be flat. 

If U is simply-connected, there exists a smooth 1-parameter family of maps 
F x : U -> SU(m) with F^dF x = a x , which are unique up to multiplication 
F\ i— » Aa^a by elements v4 A € SU(m). The family {i^} is called an extended 
Toda frame for ■0. In loop group terms, we may interpret the Fx as a map 
U — > £ SU(m). It turns out that each i^A is the Toda frame of a superconformal 
harmonic map i[>x ■ U — > CP™ -1 , where the special holomorphic coordinate on 
U is A -1 z rather than z. 

Now if <!>:[/ — > LSU(m) is any smooth map, then d + $ _1 d<f> is a flat 
L SU(m)-connection on U, or equivalently a loop of flat SU(m)-connections on 
U. This gives an enormous family of loops of flat SU(m)-connections on U, most 
of which have nothing to do with harmonic maps into CP" 1-1 . The important 
thing about the family {ax} is that it has two special algebraic properties. 
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The first property is that we may write a\ in the form 

a x = (c^A + a' )dz + {a"_ + a'^dz, (11) 

where a' 1 ,a' ,a'^_ 1 and a ' map ?7 — ► su(m) = fi[(m, C). This equation says 
two things. Firstly, as a Laurent series in A we have a\ — a±X + cxq + a-iA -1 . 
Secondly, if we decompose a\ into (1, 0) and (0, 1) parts as a\ = a'^dz + a'^dz, 
then a' x = a^A + Qg, so that a' x has no A -1 component, and a' A ' = a'!_ 1 \~ 1 +cc'q, 
so that a" has no A component. 

The second property is this. Define £ = e 2, "/ m , so that £ m = 1, and let T 
be the diagonal m x m matrix with entries 1, £~ 2 , . . . , £ 1_m . Then 

a C x = Ta^T- 1 for all A G C with |A| = 1. (12) 

That is, a\ is equivariant under Z m -actions on S 1 and su(m). 

It follows from Bolton, Pedit and Woodward §2] that an l S 1 -family d + a\ 
of flat SU(m)-connections on a simply-connected open subset [/CC come from 
a solution of the Toda lattice equations, and hence from a superconformal map 
ip : U -> CP m_1 , if and only if the a\ satisfy (0)-© and the additional 
condition that det(a' 1 ) is nonzero except at isolated points in U. 



3.5 Polynomial Killing fields 

Polynomial Killing fields were introduced by Ferus et al. |9|, §2] and used exten- 
sively by Burstall et al. fl, but in a somewhat different situation to us. Our 
treatment is based on Mcintosh App. A] and Bolton, Pedit and Wood- 
ward §, §3]. 

We shall work with the Lie algebra u(m) and its complcxification gl(m,C) 



rather than su(m) and sl(m, C). Let £ and T be as in §3.4. For each d G N 



let Arf{j[(m, C) be the vector space of maps rj : C* — > g[(m,C) of the form 
7 lW = Sr^-d^nA", where r\ n G g[(m,C), which satisfy 

77(£A) = T?7(A)T _1 for all A gC*. (13) 

That is, 77 is equivariant under the same Z m -actions as a\ in (|l^). 

Let Arfit(m) be the real vector subspace of rj G Adflt(m, C) such that 77(A) 
lies in u(m) for all A S C with |A| = 1. Then A d g[(m, C) = A d u(m) <g) R C. Note 
that by restricting 77 to S 1 in C*, we can regard A(jfll(m, C) and Adu(m) as 
finite-dimensional vector subspaces of the loop algebras Lgl(m,C) and Lu(m). 

We define a polynomial Killing field on [/ to be a map rj : £7 — > A^g[(m, C) 
for some N satisfying 

dr?= [77,0;*]. (14) 

We call rj real if it maps to Adu(m) in Ad0l(m, C). We may write rj = rj(X,z) 
for rj G C* and 2 G ?7, and decompose 77 as 

d 

7/(A, z) = i] n (z)A n , where ?7 n maps [7 — > fj[(n, C). (15) 
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Using the decompositions ( pi] ) and (jl5|) of a\ and rj, it is easy to show that 
( fL4| ) is equivalent to the equations 

[r} n ,a' ] + [r] n -i,a' 1 ] and (16) 
[Vn,a'o] + [Vn+i, a"_x\ for all n, (17) 

where we set r\ n = if |n| > d. 

Define .4 to be the vector space of polynomial Killing fields. It is easy to 
see that the polynomial Killing fields form a Lie algebra under the obvious Lie 
bracket. In our case, where ip is superconformal, this Lie algebra is abelian, and 
the polynomial Killing fields form a commutative algebra under matrix multi- 
plication p. 240-1]. The reason why we work with gl(m, C) rather than 
s[(m,C) is because s[(m, C) is not closed under matrix multiplication. 

Following ||, p. 133], we say that ip is of finite type if there exists a real 
polynomial Killing field r\ : U — > Arfu(m) for some d = 1 mod m with t]d = and 
rid-i = 2«q. All finite type solutions may be obtained by integrating commuting 
Hamiltonian o.d.e.s on the finite-dimensional manifold A c ;u(r7i), and so are fairly 
well understood. By [|[ Cor. 3.7], every superconformal map corresponding to 
a doubly-periodic Toda solution on C, and hence every superconformal T 2 in 
CP m ~\ is of finite type. 

3.6 Spectral curves 

To each superconformal map tp : U — > CP m_1 of finite type one can associate a 
Riemann surface known as a spectral curve. There are two different definitions 
of spectral curve in use in the literature. Here is the first. Fix z £ U, and define 

Y = {(A, [v]) eC'x CP'"" 1 : V?7 € A, 3/x € C with ri(X,z)v = /w}. (18) 

The spectral curve as defined by Ferus, Pedit, Pinkall and Sterling j^, §5] is the 
compactification Y of Y in CP 1 x CP m_1 . In the generic case, Y is a compact, 
nonsingular Riemann surface. 

However, Mcintosh |24|, App. A] uses a different definition. As each r\ 6 A 
satisfies @), if (A, [v]) € Y then ((\, [Tu]) G Y. So define v : Y -> Y by 

u:(\,[v])^(CX,[Tv}). (19) 

Then v m = 1, and (y) is a free Z m -action on Y, which lifts to a free Z m -action 
on Y. The spectral curve used by Mcintosh is equivalent to X — Y/(v). It is 
also generically a compact, nonsingular Riemann surface. 

The point of © is that as ^ is a commutative algebra under matrix multi- 
plication, the matrices ^(A, z) can be simultaneously diagonalized for all rj € A. 
Assume that all the common eigenspaces are 1-dimensional. Then (A, [v]) € Y 
if [v] is an eigenspace of rj(X, z) for all rj £ A. 



dr)n 
dz 

dz 
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This suggests an alternative description of Y, using eigenvalues rather than 
eigenvectors. Pick r/ 6 A, and define 



Y' = {(A, fx) e C* x C : det(ju/-7?(A,z)) = 0}. (20) 

Define 7r : Y — > V by 7r : (A, [«]) i— > (A, /i) when i](X,z)v = fxv. Then 7r is 
birational for generic 77, and biholomorphic if 77 generates A over C[A m I, A - ™/]. 

As a Riemann surface y is independent of base-point z G U, but its em- 
bedding in CP 1 x CP m_1 does depend on z. However, Y' is independent of z. 
This is because (|l4|) is equivalent to ^Fx^F^ 1 ) = 0, as a\ — F^dF x . Thus 
FxrjF^ 1 is independent of z, so the eigenvalues of rj(X, z) are independent of z. 

Spectral curves are used by Mcintosh [^2[ |23|, |2J] to give a construction of 
all finite type harmonic maps ip : C — > CP m_ , and hence of all nonisotropic 
harmonic maps ip : T 2 — > CP m . Above we have only considered superconfor- 
mal ip, which are dealt with in ]2^] : the general case is studied in |2^, [23), and 
is rather more complicated. 

By an explicit construction, Mcintosh establishes a 1-1 correspondence be- 
tween finite type nonisotropic harmonic maps ip : C — > CP" 1-1 up to isometry, 
and quadruples of spectral data (X, a, 7r,£), where X is a Riemann surface, 
a : X —* X & real structure, 7r : X — > CP 1 a branched cover, and L a holomor- 
phic line bundle over X, all satisfying certain conditions. Understanding the set 
of such (X, <j,tt,£) is a fairly straightforward problem in algebraic geometry. 

When ip is doubly-periodic it pushes down to T 2 , and all nonisotropic har- 
monic maps ip : T 2 — > CP" 1-1 arise in this way. This reduces the classification 
of nonisotropic harmonic tori in CP m_1 to the problem of understanding the 



double-periodicity conditions upon (X, a, 7r, C), which will be discussed in §4.3 



4 SL cones in C 3 and the Tzitzeica equation 

Suppose N is a special Lagrangian cone in C 3 . Then E = N n S 5 is a min- 
imal Legendrian surface in S 5 , and its projection 7r(S) to CP 2 is a minimal 
Lagrangian surface in CP 2 . Thus, S and 7r(S) are the images of conformal 
harmonic maps <p : S -> S 5 and V : 5 -> CP^, where S is a Riemann surface. 

Therefore, we can apply the theory of §|| to It turns out that as ip(S) 
is Lagrangian, the corresponding solutions \k ■ U — > (0, 00) of the SU(3) Toda 
lattice equations simplify, coming from a single f unct ion /:{/—> K satisfying 



the Tzitzeica equation. This will be explained in §4.1 



The programme of §3.4 -§3.6 can then be applied, to interpret finite type 
solutions of the Tzitzeica equation in terms of spectral data. The difference 
with the SU(3) Toda lattice case is that the spectral curve X acquires an extra 
symmetry, a holomorphic involution p satisfying some compatibility conditions 
with the other data er, n,jC. The details can be found in Sharipov [§5| and Ma 
and Ma Ml, on which this section is based. 
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4.1 Derivation of the Tzitzeica equation 

Suppose N is a special Lagrangian cone in C 3 . Define £ = N P\ S 5 . Then £ 
is a minimal Legendrian surface in 5 5 , as iV is a minimal Lagrangian 3- fold in 
C 3 . It has a natural metric and orientation, and so inherits the structure of a 
Riemann surface. Let S be S, regarded as an abstract Riemann surface, and 
: S — ► £ the inclusion map. 

Then is conformal by definition, and has minimal image, so it is harmonic. 
Let 7r : S 5 — > CP 2 be the Hopf projection, and define -0 : S — > CP 2 by f/ 1 = tt° </>■ 
As has Legendrian image it follows that V 1 is also a conformal harmonic map, 
with Lagrangian image. Therefore we can consider the harmonic sequence (tpk) 
of ip, as in § |3.1| . 

Let z — x + iy be a holomorphic coordinate on an open subset U C S. 

dy , 

BE' 

section of Lq. 



Then g(4,, §£) = g) = as |0| = 1, and W (0, §£) = w(<f>, g£ ) = as N 
is Lagrangian. Hence, is complex orthogonal to jjt, so is a holomorphic 



Thus, by §3.1, there is a unique sequence (0^) with (f>o — 4> satisfying equa- 



dz 



7F- ( 21 ) 
oz 



tion (g). As \4>o\ = 1, we see that 

0o = 0, 0i = tt- and 0_a = 

Suppose now that ^ : S — > CP 2 is superconformal, and that z is a special 
holomorphic coordinate. Then 0^ exists for all /c € Z and 0^+3 = 0fc, so that 
( [?l| ) determines 0^ for all k. Also, the functions Xfc = |0fc| 2 satisfy the Toda 
lattice equations @)~@ for m = 3. 

Now in this case the Toda lattice equations simplify. For \o = 1 as |0o| = 1, 
and so \i = X\ X as X0X1X2 = L Defining / = logxi gives X3fc = 1, X3fc+i = c f 
and X3fc-i = e - -^ for / : U — *■ M, and then (|[) reduces to the single equation 



d 2 f 



o z o z ^ 

This is the elliptic version of the Tzitzeica equation. The corresponding 
hyperbolic equation first arose in 1910 in a study by Georges Tzitzeica [^6| 
of a class of surfaces in RP 3 now known as affine spheres. The equation was 
rediscovered in a solitonic context by Bullough and Dodd B, and amongst 
mathematical physicists is often known as the Bullough-Dodd equation. 

We have shown that superconformal harmonic maps ip '■ S — > CP 2 coming 
from special Lagrangian cones in C 3 are related to solutions of the Tzitzeica 
equation ( |22| ) , in the same way that general superconformal harmonic maps ip : 
S — > CP m ~ are related to solutions of the SU(m) Toda lattice equations. The 
converse also applies, in that starting with a solution of one can reconstruct 



a special Lagrangian cone in C using the Toda frame method of §3.3 



4.2 Spectral data for the Tzitzeica equation 



Suppose / is a solution of the Tzitzeica equation. Then as in §4.1 we get a 



solution (xk) of the SU(3) Toda lattice equations. If (xk) is of finite type then 



11 



as in §3.6 it has a set of spectral data (X,<r,7r,£). But because the (\k) come 
from a solution of the Tzitzeica equation and so have a simplified structure, the 
spectral data (X, a, tx, C) has an extra symmetry. 

It turns out that this symmetry is a holomorphic involution p : X — > X. It 
commutes with a, has the property that if ir(x) = [1, A] then tt o p{x) = [1, —A] 
for x £ X and A £ C, and lifts to a holomorphic involution of the line bundle C. 

Thus, just as there is a correspondence between finite type solutions of the 
SU(m) Toda lattice equations and quadruples of spectral data (X, a, tt, C) sat- 
isfying certain conditions, there is also a correspondence between solutions of 
the Tzitzeica equation and quintuples of spectral data (X, p, a, tt, C) satisfying 
certain conditions. 

This construction is used in two papers by Sharipov ]2j| and Ma and Ma pl[ . 
Sharipov considers 'complex normal' surfaces in S 5 , which in our terminology 
are just Legendrian surfaces. He shows that minimal Legendrian tori correspond 
to solutions of the Tzitzeica equation (p2|), gives the spectral data for finite type 
solutions, and sketches how to write the maps : R 2 — > S 5 in terms of Prym 
theta functions. 

The paper by Ma and Ma is very similar. They consider 'totally real' surfaces 
in CP 2 , which in our terminology are just Lagrangian surfaces. They show that 
minimal Lagrangian tori correspond to solutions of ([22]), give the spectral data, 
and write the maps tp : IR 2 — * CP 2 in terms of Prym theta functions. The 
principal difference is that Ma and Ma give more proofs, more detail, and more 
explicit formulae. 

4.3 Parameter counts for minimal tori in CP 2 

We shall now use the integrable systems set-up above to give parameter counts 
for the families of minimal tori in CP 2 and of minimal Lagrangian tori in CP 2 
(equivalently, of special Lagrangian T 2 -cones in C 3 up to isomorphism). 

Similar parameter counts for case of minimal tori in CP" 1-1 are given by 
Mcintosh in |23l p. 516] and |24|, Th. 5], and we follow his method, modifying 
it in the obvious way for the minimal Lagrangian case by requiring invariance 
under the holomorphic involution p. Each set of spectral data corresponds up 
to isometries of CP 2 with a unique finite type harmonic map tp : R 2 — > CP 2 . We 
shall count the number of free parameters in the spectral data, and the number 
of restrictions for tp to be doubly-periodic. 

First consider general minimal tori in CP 2 . The spectral data for this is a 
quadruple (X, a, tt, £.). We suppose that X is a nonsingular Riemann surface 
of genus p > 2. (The case p < 1 is dealt with in |24|, §5].) Now tt : X -> CP 1 
is a 3-fold branched cover, which we can regard as a meromorphic function, 
identifying CP 1 with CU {oo}. It is required that 7r _1 (0) and 7r _1 (oo) should 
be single points, and thus triple branch points. 

When (X, a, tt, C) is generic, all other branch points of tt will be double 
branch points, and there will be 2p of them by elementary topology. Let 
Ai,... , \2 P be the images of these branch points in C \ {0}. Then the Afc 
are distinct, and it is required |2^, Prop. 1] that no A& lies on the unit circle. 
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Now (7 acts on X, and if ir(x) = A then tt o a(x) = 1/A. Clearly a must take 
double branch points to double branch points, and so the set {Ai, . . . , A2 P } is 
closed under A t—> 1/A. As no At lies on the unit circle this swaps the Xk in 
pairs. Order the Xk so that |A&| < 1 and Xk+ P — 1/Afc for k = 1,... ,p. 

The triple (X, a, tt) depends on Ai , . . . , A p and discrete data. Thus there 
are 2p real parameters in (X, a, tt) . The set of cr-invariant line bundles C has 
dimension p, but C depends on a choice of base point in R 2 , so factoring out by 
translations in R 2 shows that the choice of C really represents p — 2 degrees of 
freedom. 

From |24|, §5], the double-periodicity conditions for ip : M 2 — * CP 2 depend 
only on (X,<7, tt), being independent of C. The condition for the Toda solution 
to be doubly-periodic is 2p — 4 rationality conditions, and for ijj to be doubly 
periodic in CP 2 is another 4 rationality conditions. 

Effectively, this means that the moduli space M. v of data (X, a, tt) has di- 
mension 2p, and to be doubly-periodic requires that 2p real functions /i , . . . , fop 
on this moduli space have rational values. If f±, . . . , ji p are locally transverse, 
then the set of (X, a, tt) giving doubly-periodic tp will be countable and dense 
in Ai p . Having fixed (X, a, tt) there are p — 2 degrees of freedom to choose C, 
all of which give doubly-periodic if). 

Next we do a similar parameter count for minimal Lagrangian tori. To do 



this we have to include the holomorphic involution p : X — * X as in §4.2. This 
has the property that if tt(x) — A then tt o p(x) = —A. Clearly, p takes branch 
points to branch points, so the set {Ai, . . . , \2 P } is invariant under A i— > — A. It 
follows that p is even, say p = 2d, and we can order the A& such that Xd+k = —Xk 
for k = 1, . . . , d. 

Thus, Ai, . . . , Xm are determined by Ai, . . . , Ad, so there are 2d real param- 
eters in (X, p, a, tt). Suppose that d ^ 2, so that p ^ 4. (If d = 1 the solutions 
have an K symmetry group, and the parameter count is slightly different.) The 
condition for the Tzitzeica solution to be doubly-periodic is 2d — 4 rational- 
ity conditions, and for if> to be doubly-periodic in CP 2 is another 4 rationality 
conditions. As L must be invariant under p and a, it has d — 2 degrees of 
freedom. 

Effectively, this means that the moduli space M!^ d of data (X, p, a, tt) has di- 
mension 2d, and to be doubly-periodic requires that 2d real functions fx, . ■ ■ , fid 
on this moduli space have rational values. Having fixed (X, tr, tt) there are d—2 
degrees of freedom to choose £, all of which give doubly-periodic if). 

Here are our conclusions in brief: 

• Up to isometries of CP 2 , we expect the family of minimal tori in CP 2 with 
spectral curve of genus p ^ 2 to depend on 2p rational numbers and p — 2 
real numbers. 

• Up to isometries of CP 2 , we expect the family of minimal Lagrangian tori 
in CP 2 with spectral curve of genus 2d 4 to depend on 2d rational 
numbers and d—2 real numbers. 
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As the double-periodicity conditions for Lagrangian ip : R 2 — > CP 2 are equiva- 
lent to those for its Legendrian lift <fi : R 2 — * S 5 , the second parameter count 
also gives the answer for the families of minimal Legendrian tori in S 5 up to 
transformations in U(3), and of special Lagrangian T 2 -cones in C 3 up to trans- 
formations in SU(3). 

The moral for special Lagrangian geometry is that one should expect very 
large numbers of SL T -cones in C 3 , which can even exist in continuous families 
up to isomorphisms. These provide many local models for singularities of SL 
3-folds in Calabi-Yau 3-folds. 



5 A family of special Lagrangian cones in C 3 

In |l4|, §8] and jll| §6] the author gave two constructions of countable families 
of special Lagrangian T 2 -cones in C 3 , the first using U(l)-invariance, and the 
second by evolving a 1-parameter family of quadric cones in Lagrangian planes. 
Both constructions are related to work of other authors. 

In particular, the section on U(l)-invariant SL cones in Jl4| essentially re- 
peats the work of Castro and Urbano Q on U(l)-invariant minimal tori in CP 2 , 
and was also discovered independently by Haskins p3|. The 'evolving quadrics' 
construction of jl5| generalizes examples of Lawlor ]20| , and some of the exam- 
ples it produces were also studied by Bryant || §3.5] from a different point of 
view. For more details, see [jnj, [l5| . 

Motivated by these we shall now construct a more general family of special 
Lagrangian cones in C 3 which includes those of JlJ, [l^] as special cases. These 
some from a family of explicit conformal harmonic maps <f> : R 2 — ► S 5 with 
Legendrian image, which will be analyzed from the integrable systems point of 
view in §|[ 

5.1 Constructing the family 

Here is our main result. 

Theorem 5.1 Let /?i,/?2,/?3 and 71,72,73 be real numbers with not all (3j and 
not all 7j zero, such that 

Pi + #2 + 03 = 0, 71 + 72 + 73 = and fan + 2 j 2 + #i73 = 0. (23) 

Suppose 2/1,2/2,2/3 : R — > C and v : R — » R are functions of s, and Z\,z 2 ,Zs : 
R — > C and w : R — » R functions of t, satisfying 

d 2/i o d ^2 a dy 3 a , OA . 

-rj- = Pi 2/22/3, -j— = Pi 2/32/1, = P3 2/12/2, (24) 

d^i dz 2 dz 3 

-rr = 71^2^3, -rr=l%zzz\, = 73 ziz 2 , (25) 

\y 1 \ 2 =[3 1 v + l, |lfe| 2 + \y 3 \ 2 =/3 3 v + l, (26) 

|zi| 2 = 71^ + 1, |z 2 | 2 =72^ + 1, |z 3 | 2 = 7 3 w + l. (27) 
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If (g4|)-(g§) hold for all s,t and (|2JH|27|) hold for s = t = 0, then (|26|) -(|27|) 
hold for all s, t, for some functions v, w. Define $ : K 3 — * C 3 by 

$ : (r,s,t) ^(ryi(*)«i(t),nft(*)«2(t),rift(s)z3(t)). (28) 

Define a subset N of C 3 by 

N = {<S>(r,s,t) : r,s,t £«.}. (29) 

TTien N is a special Lagrangian cone in C 3 . 



Proof. Suppose d24|) holds for all s, and (|26| ) for s = 0. From (|24|) we deduce 
that g^Oyjl 2 ) = 2/3j Re(yi2/22/3) for j = 1, 2, 3. Comparing this with (Pq ) shows 
that v(s) should satisfy 4^ = 2 Re(j/ij/2?/3)- Therefore, setting v(s) = v(0) + 
2 J Q S Re(yi(u)y2(u)y3(u))du shows that ( p6[ ) holds for all s. Similarly, if ( p5| ) 
holds for all i and (|27]) holds for i = 0, then it holds for all t. This proves the 
first part of the theorem. 

For the second part, we must show that N is special Lagrangian wherever 
it is nonsingular, that is, wherever <J> is an immersion. Now <3? is an immersion 
at (r,s,t) when |fr , |f , tj| are linearly independent, and then TW r;Si4 -jiV = 
(§f, |f, f|) R . Thus we must show that 7* (r)S> t)iV is an SL 3-plane R 3 in C 3 
for all (r, s, t) for which |f, |f , || are linearly independent. By Proposition 



2.3, this holds if and only if 



ali = = H 97' a^J = (30) 

™ d ton (*-a7'ar) s0 - < 31 > 

Using equations (^J), ( p5| ) and fl2£| ) we find that 

^ = 7f(j/i z i' 2/2^2,2/3^3), (32) 

^ = ^(rP 1 y^ 3 z 1 ,r(3 2 Wy~i z 2,rP 3 yry'2Z3), (33) 
3$ i / \ /Q ,s 

= ^75 (ni^i 2223, n^^s^n^ 2122)- (34) 

From ([!]) we deduce that w((a 1; 02, 03), (61,62,^3)) = Im(oi6i + 02^2 + 03^3) • 
Thus from (||) and @ we have 

= ^Myiy2y 3 )(/3ikil 2 + /32k2| 2 + /? 3 k3l 2 ) 

= |rIm(yiy 2 2/3)(A(7i'" ; + 1) + ^2(72^' + 1) + /33(73™ + 1)) 
= |rlm(yij/ 2 y3)(/3i + /8a + + w(/?i7i + #272 + ^373)) = 0, 

using ( p7| ) in the second line and ( p3| ) in the third. This proves the first equation 
of (p0|). The second follows in the same way, and the third from 

W (H' w) = \ r2 Im ( yi 2/2 y3 2:1^2 2:3 ) (/3i 71 + A272 + /?373) = 0, 
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using (||), (ph and (|§). 

To prove (|3i|), observe that 











)- 


<9r 


9 s 


~dt 



3V3 



2/2 22 r/3 2 2/32/1 ^2 r 72 J/2 23^1 

2/3 ^3 r/3 3 yry~2 z 3 rj 3 y 3 zTT 2 

2 o |_. .. |2_, |_ |2 



= ^^ 2 (/32|?/32/i| 2 73|2i22| 2 + 03 1 2/i 2/2 1 2 7i I z 2 z 3 1 2 + /3i|2/22/3| 2 72Nzi 

-/33|2/i2/2| 2 72|2 3 2i| 2 - /3i|2/22/3| 2 73ki2;2| 2 - /? 2 |y3yi | 2 Ti l^2^3 1 2 ) , 

where in the first line the terms | . . . | are determinants of complex 3x3 matrices, 
and Sj, 4^ are regarded are complex column matrices. As every term in 
the second line is real, ft(§f,§f,f|) is real. Thus Imfi(f^ , §f, f|) = Q > 
proving (|3l|). □ 

5.2 Explicit solution of the o.d.e.s and (g^) 



As in |14|, §8] and |15|, § 6], we can simplify the solutions of ( |24| ) and (B5[). To do 
this, note first that (|24|) implies that 

37(2/12/22/3) = /5i 12/22/3 1 2 + /32|2/32/i| 2 + /33I2/12/2I 2 - 

As the right hand side is real, we have Im (3/13/2 2/3) = B for some Bel. 
Now 1 2/1 2/2 2/3 1 2 = (/3iw + l)(/?2« + l)(/?3« + 1), so this gives 

|Re(2/i2/22/ 3 )| 2 = (Piv + l)(p2V + l)(0 3 v + 1) - B 2 . 



However, 4^ = 2 Re(yii/ 2 y3), as in the proof of Theorem 5.1, and so v satisfies 
the o.d.e. 

(dl) = A ^ PlV + 1)(/?2W + 1)(/?3?; + 1} ~ 



Since \yj\ 2 = 0jv + 1 by (p6|) we may write yj(s) = e %Sj ^y/ '0jv(s) + l for j 
1, 2, 3, for real functions Si, 5 2 , S3. In this way we prove: 



Proposition 5.2 In the situation of Theorem 5.1 the {unctions 2/1,2/272/3 may 
be written yj (s) = e i5 J<» y%v(sj+l, for V, 61,63,63 : R -> K. £>e/ine Q(v) = 
(/?iw + V)(02V+ 1)(03V+ 1) and <5 = 61 + 62 + 63. Then ( |2^ ) Zio^ds automatically, 
and (pil) is equivalent to 



(D'-w.,-* 



do, /^g 

ana — - = 

ds + 1 



(35) 



/or j = 1,2,3, where ±1x1(3/13/23/3) = Q(i , ) 1//2 sin 5 = B for some B G [—1,1]. 
Here is the corresponding result for z\ , Z2 , Z3. 
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Proposition 5.3 In the situation of Theorem 5.1 the junctions z%, zi,Z3 may 



be written zj(t) — e lCj ^ y/jjw(t) + l, for w, £1,62, £3 : M — > M. Define R(w) 
(71 10+ IX72W + l)(73io+ 1) and e = £1 + 62 + £3- Then ( p7j ) /loZcfe automatically, 
and (B5f) is equivalent to 



(^) 2 = 4(i?H-C 2 ) and ^ = __^ (36 ) 



/or j = 1,2,3, where Im(ziZ2Z3) = i?(w) 1 / 2 sin£ = C for some C € [—1,1]. 

As in JlJ, §8.2], the o.d.e.s for w and w in ( |35| ) and ( j36| ) can be solved entirely 
explicitly in terms of the Jacobi elliptic functions. Then Sj and £_,- can also be 
given explicitly, in terms of integrals involving the Jacobi elliptic functions, and 
so the solutions yj , Zj of (|||) and (|2^) are known explicitly in terms of elliptic 
functions. We shall not give these solutions here. 

5.3 Conformal harmonic maps to S 5 and CP 2 



As in §4.1, a special Lagrangian cone in C induces conformal harmonic maps 



S — ► S 5 and tp : S — > CP 2 from a Riemann surface S, We shall now write 



these out explicitly for the SL cones of Theorem 5.1. For convenience, we begin 
by choosing a normalization for the constants 0i, 02, 03 and 71, 72, 73- 

Regarding (3 = (01,02,03) and 7 = (71,72,73) as vectors in R 3 , the condi- 



tions on j3, 7 in Theorem 5.1 are that (3 and 7 should be nonzero, and that j3, 7 
and (1, 1, 1) should be orthogonal. However, multiplying (3 or 7 by a nonzero 
constant has no effect on the set of special Lagrangian cones constructed in 
Theorem |5.l[ 

To see this, let 0j,~/j,yj, Zj,v and w satisfy the conditions of the theorem, 
let a, t G R be nonzero, and define 



0j = o-0j, y'^s) = y 3 (as) for j = 1, 2, 3, and v'(s) = a 1 v(as), 
jj = T^fj, z j(t) — z j( T t) f° r j — 1,2,3, and w'(t) = T~ 1 w(rt). 



(37) 



Then it is easy to show that 0'j , 7^ , y'j , z'j , v' and w' also satisfy the conditions 
of the theorem, yielding $' : R 3 — * C 3 with s, t) = $(r, as, rb), so that the 
images of $' and <& are the same special Lagrangian cone. 

Therefore, we are free to rescale (3 and 7 without changing the resulting set 
of SL cones. Fix \{3\ = | — y | = 1. Then (3 and 7 lie on the unit circle in the plane 
%i + £2 + £3 = in R 3 and are orthogonal, so we may write 

(3 = cos9- ^(1, -1, 0) + sin0 • i(-l, -1, 2) 
and 7 = cos 6- -^(-1, -1, 2) - sin0 • -^(1,-1,0) 

for some 9 £ [0, 2ir). (Here (3 determines 7 up to sign, which we have chosen 
arbitrarily.) We shall show that with these choices, the map (s,t) 1— ► $(l,s, t) 
is conformal. 
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Theorem 5.4 Fix 9 E [0, 2tt), and defi: 



/3i = ^5Cos(9--igsin6>, /3 2 = -^=cos0- ^= sm6, /3 3 = ^ sin (9, (38) 
7i = -^=cos9-^=sin9, 72 = cos#+^| sin#, 7 3 = ^ 2 =cos6'. (39) 



In the situation of Theorem 5.1, with these values of f3j and jj, we have 
|$(r, s,t)\ 2 = r 2 and and ^ are orthogonal with |§f | 2 = 1 and 



\d<S>\ 2 


1 a * 1 


\ ds 1 — 


1 at 1 



2r 2 (a + 6u(s) + cio(i)), (40) 
where a = ±(/3 2 + (3% + /3 3 2 ) = ±( 7l 2 + 72 2 + it) = \, (41) 

b = = I (/3i7i 2 +/327l+/3373 2 ) = -j/Ws, (42) 

and c = I(/5 2 7l+ /3| 72+ ^ 73 ) = _l( 7 3+^ +7 3) = -I 7l7273 . (43) 

T/ie maps : M 2 -> S 5 and 7/1 : M 2 -> CP 2 de/ined by 4> : (s, t) i-> $(1, s, i) and 
tj) : (s,i) 1— > [$(l,s,f)] are both conformal harmonic maps. 



Proof. For the first part, by J23| ) and (|26|)-(28) we have 

|$(r,M)| 2 = l^d^l 2 !^! 2 + |y 2 | 2 M 2 + |n 3 | 2 |z 3 | 2 ) 

= ir 2 ((/? 1 w + l)( 7l w + l) + (/3 2 w + l)(7 2 w; + l) + (/? 3 ?; + l)(73W + l)) 
= \r 2 (3 + + /3 2 +/?3)w + (71 +72 +73)^ + (/3i7i +/3 2 7 2 +/3 3 7 3 )uw) 
= r 2 . 

The equation |§f | 2 = 1 follows in the same way. 

To prove i|| , ^ are orthogonal we use (|32|)-([34j) and the formula 
g((ai,a 2 ,a 3 ), (&i, o 2 , o 3 )) = Re(ai&i + a 2 o 2 + as&T). Thus we have 

s(f ,ff ) = irRe( 2/l2/ 22/3)(/3iki| 2 +/3 2 k 2 | 2 +/?3N3| 2 ) 

= 5rRe(2/i?/22/3)(/3i(7iw + 1) + #2(72^ + 1) + /33(73^ + 1)) 
= ±r Re(y l2 / 2 y 3 )(/3i + & + & + w(/?i7i + /3 2 7 2 + /%7&)) = 0, 

using (p?!) in the second line and ( p3| ) in the third. In the same way we show 
that g{§, H) = ffl) = 0, and so §f , §f , |f are orthogonal. ' 

Using equations (p7|) and (|33) we obtain 



|^r = ir 2 [/3 2 | y 2| 2 | y 3l 2 kil 2 + /32 2 ly3l 2 |yil 2 k 2 | 2 + /3 3 2 |yil 2 |y 2 | 2 N3l 2 ] 

= ir 2 [/3 2 (/3 2 « + l)(/33« + l)(7i^ + l)+/32 2 (/33« + l)(/3i« + l)(7 2 w+l) 

+/3 2 (/3 lW + l)(/3 2 ^ + l)(73W + l)] 
= ±r 2 [( / 3 2 + /3 2 2 + /?3 2 ) + v (/3 2 (/3 2 +/? 3 )+/3 2 (/3 3 + / 3 1 )+/3 2 (/3 1 +/3 2 )) 

+™(/3 2 7 i +/3 2 2 7 2 +/? 3 2 7 3 ) +«w(/3 2 {Pi +/3 3 )7i 0% +A)72 +Pl (A +182)73) 
+w 2 /3i/? 2 /?3(/3i+/3 2 +/3 3 )+w 2 w/3i/? 2 /3 3 (/3i7i+/3 2 7 2 +/3373)]- 
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By (|23|), the terms in v and v w vanish. Also, using ( |38| ) and ( |39| ) we have 
/??(/5 2 + £3)71 + /5|(/3 3 + /?i)72 + /?f (A + £2)73 

= ^{P 2 M - Pi) + Pl(Pl - Pi) + PUPi - Pi)) = 0, 

so the term in vw vanishes. Thus, replacing (j3 2 + Ps) by — Pi, etc., we get 

If | 2 = p [(/?? + p\ + pD- v(pf + p% + pi) + W (phi + Phi + Phz)} ■ 

In the same way, we find that 

I f I' = V [(7i 2 + 7l + 7l) + «(/3i7i 2 + Pill + Pill) - + 7 2 3 + 7 3 3 )] • 



Now using (|3§|) and ( |39[) one can show that 

/3i 2 +/3 2 2 + /?3 2 - 7i 2 +7 2 + 7 3 2 , -(Pi + P2+P3) = Pill+P2ll + Pzll = -3Pip 2 p 3 
and Phi+Ph2 + Phs = -(7i 3 +7 2 3 +7l) = -37i7273- 



The last five equations prove (|40|)-(43), as we want. Finally, it follows from 
what we have proved so far that <fi : R 2 — > 6> 5 is a conformal map, and as its 
image is minimal, it is also harmonic. As (f> has Legendrian image, ip is also 
conformal and harmonic, in the usual way. □ 



As from §5.2 the functions yj, Zj defining $ are known explicitly in terms of 
integrals involving the Jacobi elliptic functions, we have constructed families of 
explicit conformal harmonic maps <p : R 2 — > S 5 and ip : R 2 — > CP 2 . 

5.4 Interesting special cases, and double periodicity 

We now consider some special cases in which the yj or Zj assume a simple form, 



and so explain how to recover the constructions of [|l4| §8] and 15, §6] from the 
more general construction above. 

(a) Let Ki,K2,^3 € K with K\ + K2 + K3 — — tt/2, and define y-j = e 1 ^ jS+Kj " > 
for j — 1,2,3. Then it is easy to see that 2/1,2/2,2/3 satisfy (Q) and 
with v = and B = — 1. The corresponding special Lagrangian cones in 
Theorem [5.1| are invariant under the group action 

( Zl ,z 2 ,z 3 ) ^ (e l ^ s zi,e^ s z2,e^ s z 3 ) 

for s € R, which is a U(l) subgroup of SU(3) if Pi,P2,Ps are relatively 



5.1 reduces 



14 



rational, and an R subgroup otherwise. In this case, Theorem 
to the construction of U(l)-invariant SL cones in C 3 given in 

In the same way, we can take zj — e l ^-' ljt+Kj ^ for j = 1, 2, 3, with w = and 
C = — 1 , and two similar cases with B — 1 and C = 1 , all of which give 
U(l)-invariant or R-invariant SL cones in C 3 coming from the construction 
of Q §8]. (See also Castro and Urbano 0, and Haskins Q.) 



19 



(b) Take B — in Proposition 5.2. Then ( p5| ) shows that the phases 5±, 82, S3 
are constant, so we may as well fix them to be or n, and take 3/1,2/2, 2/3 
to be real. As in ]l5|, §6.1] the yj are given by simple formulae involving 
Jacobi elliptic functions (rather than integrals of Jacobi elliptic functions) . 

As the point (2/1, 2/2,2/3) moves in P 3 it sweeps out one of the two connected 
components of the curve 

{(2:1,2:2, £3) S M. 3 : x\ + x\ + x\ — 3, ~j\x\ +72^2 +73^3 = 0}. 

From this it follows that for fixed t, as r,s vary <I>(r, s,t) sweeps out a 
quadric cone in a Lagrangian M 3 in C 3 . So the special Lagrangian cone 
N of ( |29| ) is the total space of a 1-parameter family of such quadrics, and 
we recover the 'evolving quadrics' construction of |15|. 



In the same way, if C = in Proposition 5.3 a similar thing happens, with 
s and t exchanged. 



(c) Set 6 = in Theorem |5.4| . Then /3s = 0, so 2/3 is constant with | = 1 by 
(24) and (p6|), and 2/1,2/2 are linear combinations of e ±zs /^2. Also 71 =72, 



so Z2 = c lK zi for some cel. 

The corresponding SL cones in C 3 turn out to be invariant under a U(l) 
subgroup of SU(3) which fixes the third coordinate in C 3 , corresponding 
to translation in the s variable. Thus, after a linear coordinate change in 
C 3 , this case reduces to a special case of the U(l)-invariant cones in part 
(a), but with a different parametrization. 

In the same way, for each of the five other values of 9 £ [0, 2tt) for which 
one of ^2, /?3, 71, 72 and 73 is zero, a similar thing happens. 

Next we consider when the maps 4> : M 2 -> S 5 and ip : R 2 ->■ CP 2 of Theorem 
5.4 are doubly-periodic in M 2 . Then cj> and i\) push down to conformal harmonic 
maps T 2 -> S 5 and T 2 -> CP 2 whose images are minimal tori in 5 5 and CP , 
and the special Lagrangian cone N of Theorem 5.1 is a cone on T 2 . We suppose 



for simplicity that (3j,jj are normalized as in equations (p8|) (p9|). 

It turns out that in cases (a)-(c) above the double-periodicity conditions are 
soluble: 

(a) In case (a), suppose /3i,/?2,/?3 are relatively rational. This happens for 
a countable dense set of 8 E [0,2tt). Then (3j = n,j/S for S > and 
m, ri2, na coprime integers. It follows that yj(s + S) = yj(s) for j — 1, 2, 3 
and s € K, so that the yj are periodic in s. 

For double periodicity in s,t, the Zj have only to be periodic up to mul- 
tiplication by e l P jS for some sel. Now and B are already fixed, but 



we are free to vary the constant C in Proposition 5.3. It is shown in 
PH , Th. 8.5] that double periodicity holds for a countable dense subset 
of Ce [-1,1]. 
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(b) In case (b) with B = 0, 2/1,2/2,2/3 are automatically periodic in s. We then 
need to vary the remaining data 9, C to make z\, Z2, Z3 periodic in t. 

Now w is always periodic in t, with period T, say, and the zj transform 
as Zj {t + T) = e^Zj(t), where Ci,<a,C» G R with Ci + C2 + Cs = 0. If 
Cj G ttQ for j — 1,2,3 then nQ € 2-7rZ for some positive integer n, and 
then z±,Z2,Z3 are periodic with period nT. So, for double periodicity we 
need 2 functions of 9 and C to be rational. In jl^, Th.s 5.9, 6.3 & 6.4] it is 
shown that the Zj are periodic for a countable dense set of values of (9, C). 

(c) Incase (c), 2/1,2/2,2/3 are automatically periodic with period 2 \/2tt. Also, as 
Z2 = e tK zi, the periodicity conditions for z±, 22, ^3 reduce to one rationality 
condition, rather than two. As in case (a), z%, Z2, Z3 are periodic in t for a 
countable dense subset of C e [—1, 1]. 

What about double periodicity conditions in the general case? If \B\ = 1 
then v is constant and we are in case (a) above, so suppose \B\ < 1, and 
similarly |C| < 1. Then v, w are automatically nonconstant and periodic in s, i, 
with periods S, T say, and the yj and Zj transform as 

yj (s + S) = e 4 ^ y 3 (s) and ^ (i + T) = e 1 ^ (t) 

for some constants r/j, Q 6 M with 771 +772 +773 = Ci + C2 +C3 = 0. The conditions 
for the yj and Zj to be periodic in s and t are that rjj £ 7rQ and Q G 7rQ for 
j = 1,2,3 respectively. 

Thus, for 4> and ?/> to be doubly-periodic we need the four functions rji/n, 
^/tT) Ci/ 71 ", C2/ 71 " of the three variables 9, B, C to be rational. This is an overde- 
termined problem, so it seems likely that in the general case, the double pe- 
riodicity conditions will have few solutions, or none. Other than parts (a)-(c) 
abive, the author knows of no cases in which 0, -0 are doubly-periodic. 

We can use (^o|) to give a formula for the area of the minimal tori in S 5 or 
CP 2 arising from the construction above. 

Proposition 5.5 Suppose that the map <j> : R 2 — ► S 5 defined in Theorem \5.^ 
is doubly-periodic in (s,t), with image S, so that E is a minimal torus in S 5 . 
Let S,T be the periods of v,w in s and t, as above, and let the period lattice 
of (s,t) 1 — ► $(l,s,f) in R 2 be generated by (anS,ai2T) and (a2iS,a22T) for 
integers dij. Let N = \ax1CL22 — 012^21 1- Then the area of X is 

Area(S) = 2N(aST+bT J v(s)ds + cS J iu(t)d*). (44) 



Proof. As and §J| are orthogonal, ( f40| ) implies that the area form on S is 
2(a+bv(s)+cw(t)^dsAdt. Also, as the period lattice is generated by (anS,a 12 r) 
and (a,2iS, a22T), we can divide E into N — \ana22 — 012021! copies of the basic 
rectangle [0, S] x [0, T], each of which has area J Q J Q 2 (a + bv(s) + cw(t))dsdt. 
Equation follows immediately. □ 
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Observe that v, w can be written explicitly using Jacobi elliptic functions as 



5.2, and so could easily be evaluated numerically in examples using a 



computer. This may be valuable in studying singularities of special Lagrangian 
3-folds, since the area of £ is a crude measure of how nongeneric singularities 
modelled on the cone on £ are in the family of all special Lagrangian 3-folds. 
Also, note that the area of £ in S 5 is the same as the area of its image in CP 2 , 
as the two are isometric. 



5.5 Comparison with constant mean curvature tori in IR 3 

There is a strong analogy between the minimal Lagrangian tori in CP 2 con- 
structed above, and the examples of constant mean curvature ( CMC) tori in R 3 
constructed by Wente p7| and Abresch |ij , known as Wente tori. Wente proved 
p7| using analysis that there exist immersed CMC tori in R 3 , and so provided 
the first counterexamples to a conjecture of Hopf that the only compact surfaces 
in R 3 with constant mean curvature are round spheres. 

Motivated by Wente's construction, Abresch jlj gave explicit formulae for 
the Wente tori in terms of elliptic integrals. Abresch's solutions are very similar 
in structure to those above. In particular, they have a 'separated variable' 
form, being given in terms of single-variable functions f(s),g(t) rather than 
two-variable functions, and / and g may be written explicitly using Jacobi 
elliptic functions. 

We can also exploit the analogy in another way. Kapouleas [|l9| used analytic 
methods to construct examples of compact CMC surfaces S in R 3 for any genus 
g^3. It seems very likely that one could use Kapouleas' method to construct 
examples of higher genus (immersed) minimal Lagrangian surfaces in CP 2 , and 
minimal Legendrian surfaces in <S. 

Kapouleas makes his examples by gluing together long segments of Delaunay 
surfaces, which are SO(2)-invariant CMC surfaces resembling a string of round 
2-spheres joined by narrow, catenoid-like 'necks'. The appropriate analogues of 
Delaunay surfaces in our problem are Legendrian surfaces in S invariant under 
the U(l)-action (zi, z%, Z3) 1-+ {e ls zi, e~ is z 2 , 23), for s 6 R. 

In the notation of § |5.1| -§ |5~3| , these have 9 = and B = — 1. When the re- 
maining parameter C G [— 1, 1] is nonzero and small, the corresponding minimal 
Legendrian surfaces resemble chains of round Legendrian <S 2 's in S 5 joined by 
small necks. 



6 Interpretation using integrable systems 

In Theorem |5.4| we constructed families of conformal harmonic maps <ft : R 2 — > 
6> 5 and i/> : R 2 — » CP 2 . We shall now analyze these in the integrable sys- 
tems framework described in ^ and §^|. We will show that they are generically 
superconformal, and explicitly determine their harmonic sequences, Toda and 
Tzitzcica solutions, loops of flat connections, polynomial Killing fields, and spec- 
tral curves. This goes some way towards redressing the 'dearth of examples' of 
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superconformal harmonic tori referred to by Bolton and Woodward |T(], p. 76]. 
We shall use the notation of § |5.1| -§|5T3] throughout. 

6.1 The harmonic sequence of ip 



In the situation of §3.1, take U to be M. with complex coordinate z = s + it. 

Th en & = - t|~and W = \ws + if- Thus b y @- ©> © and thc 
definition </>(s. t) = $(1, s, t) we have 

Calculation using (||) and @ shows that (|f , = (|§, 0) = 0. Also, using 
© we find that ||f | 2 = 1 |f | 2 = a + bv(s) + czu(i). 



As <|f ,</>) = 0, by definition <j> is a holomorphic section of the holomorpl 



nc 



line bundle Lq over C associated to t/jq = ip : C — » CP 2 . Therefore, from §|3.1 



there exists a unique sequence of maps ^ : C — > C with 0o = </>, which satisfy 
(||), and the harmonic sequence (ipk) of ^ is given by ipk = [<i>k]- 

From @ we see that = -|0 o |2|^|-2^ and ^ = 8^ since |^ Q | = L 

Thus the equations above give 
1 

- (Pi 2/22/3 z i + ijiyiz^ , wm z 2 + 2722/2 zPI , 



2V3(a + ou + cw) (45) 

/?3 2/H/2 ^3+^73 2/3 ) , 

^0 = ^5(2/121,2/222,2/3^3), (46) 
PzWmzz-ilzyzzTzt)- 



(47) 



These satisfy 

|^_i| 2 = (a + bv + cm)" 1 , |0 O | 2 = 1 and |0 X | 2 = a + bv + cw. (48) 
From (||) and the equation \<f>\ | 2 = a + 6w + cw we see that 

4>2 = ^P- - ^-(log(a + 6u + cw))(f>i. 
az oz 

Substituting in for <fii from ( |47| ) gives a long and complicated expression for 
<j> 2 . After much calculation using equations ©-@ and 

other identities satisfied by fij, "fj and a, b, c, one can prove that 

4>2 = 60-i, where £ = cC + ibB. (49) 

We can now identify the harmonic sequence of ip. 



23 



Proposition 6.1 If bB and cC are not both zero then tp : R 2 — > CP is super- 
conformal, and has harmonic sequence (ipk) given by 



ip3k-i(s,t) = [PiWmzi+iliVi^z, P2WUi z 2+il2 Vi Z3T1, 

i/>3k(s,t) = [yiZi,y 2 Z2, V3Za], (51) 
i>3k+i(s,i) = [f3iWy~3Zi-iliyiZ2Z~3, P2WUiZ2-il2y2~Z3~zi, 

P3WU2Z3-il3y3Zxzi\ , 



(50) 



(52) 



for all k £ Z. If bB = cC = then ip is isotropic, with finite harmonic sequence 
ip-i,ipo,ipi given by equations (|50|)-(^2[) with k = 0. 



Proof. Since </>2 = £4>-i where £ = cC + ibB by ([49|), if £ 7^ then the sequence 
(<j>k) exists for all k and is given by 



03fc-i = C*0-i 3 03fc = £ k <f>Q and 3fe+ i = £ 



Since tp k = [4> k ], equations (^Oj)-(^) follow from (|45|) — (j47p . Thus ip is non- 
isotropic, as ipk exists for all k. But any conformal map ip : S — ► CP 2 is 



isotropic or superconformal from §3.1, so ip is superconformal. 

If on the other hand £ = then ^2 = 0, so ip2 does not exist. Thus ip is 
isotropic. By (E^)-(E^), ip_i,ip and V>i exist and are given by equations (|50"|)- 
( p2[ ) with = 0. But the harmonic sequence of an isotropic map ip : S — ► CP" 1 
has length at most m + 1, so this is the whole of the harmonic sequence. □ 

In the case when £ = and ip is isotropic, ip-i is holomorphic and ip\ 
antiholomorphic. This is not obvious, but may be proved directly. For instance, 
when B — C = we may take the yj and Zj to be real. Then tp maps to 
RJP 2 in CP 2 , and both ipi and ip_i map to the conic {[wq,Wi,W2\ € CP 2 : 
Wq + wf + w\ = 0}, with tp_i — ip l . 

6.2 Solutions of the Toda lattice and Tzitzeica equations 

In the rest of the section we assume that £ = cC + ibB 7^ 0, so that ip is su- 



perconformal. Following §3.2, we shall construct a solution of the Toda lattice 
equations for SU(3) out of ip. The first thing to do is to find a special holomor- 
phic coordinate z' on C, that is, one in which £' = 1 and the <p' k are periodic 
with period 3. By (||), z' — z'(z) is special if 

e' = (tr 3 e = i- 

Thus we need = i; 1 / 3 for some fixed complex cube root I; 1 / 3 of £. So define 
z' = £ 1/3 (s + it). Then 2' is a special holomorphic coordinate on C. 
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Working with respect to z 1 rather than z, we get a new sequence ((j>' k ) rather 
than fe ), with 4>' k = -i^ k/3 (j) k - Thus from @-@ we get 

££l/3 

03Ai-i = ttt^t — ; -{Piy2y3Zi+HiyiZ2Z3,f32ymz2+ii2y2z 3 zi, 

2\/6{a+bv + cw) (53) 

PzyTmz?, +ij3y3zTz~2) , 
03k = -^(yizi,y2z 2 ,y3Z3), (54) 



3fe+l 2\/3 V" 1 ^ 30 "" 1 " (55) 

/?3yTy2 23 - «732/3^2) , 



(/3i y 2 y3Zi- in yi z 2 z 3 , (3 2 2/32/1 Z2 - ii%y% z 3 zi, 



with l^l^]^ 3 (a + bv + cw)-\ |^ fc | 2 -l 
and l^+xl 2 = \£,\- 2/3 (a + bv + cw) for all fc e Z. 



(56) 



Here we have multiplied by — i because then det( n <p\ ( f>. ? ) = 1, as in 
Thus the tfi k satisfy all the conditions on the 4>k in § 3^1 § [3.2] . So from § |3.2| if we 



define %fc = \4>'k\ 2 > then the %fe satisfy the Toda lattice equations for SU(3) with 
respect to z' . Therefore by (|56|) we have proved: 

Proposition 6.2 In the situation above, define Xk '■ C — > (0, oo) by 

X3k-i = \S,\ 2/3 (a + bv + cw)~ X , X3k = 1 and 
X3k+i = \£\~ 2/3 (a + bv + cw) forallkeZ. 

Then the Xk satisfy the Toda lattice equations for SU(3) with respect to z' — 
t^' 3 (s + it). In terms of s,t, this means that X0X1X2 = 1? Xk+3 = Xk and 

1 ( d 2 d 2 \ 1 

7T2 + tTI ( lo SXfc) = Xk+iXk 1 - XkXk-i for all k el. (58) 



4 |£|2/3 y ds 2 Q t 2 



Here ( f58| ) holds because a ® gs , — 4 ^| 2/3 ( Jp? + J^)- One can verify (^) ex- 
plicitly using equations (H)-©, © and various identities between 
the f3j,jj,B,C,a,b and c. The proposition defines a simple class of doubly- 
periodic solutions Xk of the Toda lattice equations for SU(3). From §4.1 we 
deduce: 

Corollary 6.3 Define f : C -> (0, 00) by f = log(a + few + cw) - § log |£| . T/ien 
/ satisfies the Tzitzeica equation (53) twi/i respect to z' = ^ 1 / 3 (s + it). 

Note that the functions v(s), w(t) may be written in terms of Jacobi elliptic 



functions as in §5.2, and so the solutions in the last two results are entirely 
explicit. They have a 'separated variable' form, that is, they are written in 
terms of single- variable functions v(s) and w(t), rather than more general two- 
variable functions u(s,t). The author is not sure whether these solutions are 
already known. 
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6.3 Loops of flat connections and polynomial Killing fields 

For the rest of §|| we will work with the special coordinate z = £ 1//3 (s + it), 
dropping the notation z' . From §3.3, the Toda frame F : R 2 — > SU(3) of tp is 
given by F = (/0/1/2), where f k = \(j)' k \~ 1 (j>' k . Using equations (H)-@ we may 
write F down explicitly, but we will not do so as the expression is complicated. 
Then a = F~ 1 dF is a flat SU(3) connection matrix on R 2 . 

As in §3.4, we may extend d + a to a loop of flat SU(3)-connections d + a\ 
for A G C with |A| = 1. We shall write a\ out explicitly. Decompose a\ as 

a x = (a[X + a' )dz + {a"_ + a'^dz, (59) 

as in (fll). Then from (0) and E% we find that 



/ 1 / 2 \ /0 

4 = r"V3 I /Va I , a' = i I & (log/) ) , (60) 
rf- 1 ( 

/ 1/2 

' 1/3 1 r/^ 1 I , a' '= I I -^(log/) I , (61) 



a_i = — r 



,/V2 




where f = a + bv + cw and r = |£| . 

We shall now construct a polynomial Killing field r for as in §3.5, which 
is in fact the nontrivial polynomial Killing field of lowest degree. 

Theorem 6.4 Write £ = re 10 for r > and 8 E R. Define functions f, ft, : 
M 2 -> R and 3 : R 2 C 6y 

1 / du dw\ 1 / d 2 w d 2 w\ 

f = a+bv + CW , g= (-&_+* c — ], h= (-&_+c^], (62) 



and Zet r = ^ _ 2 X n T n , where 
( r/-V 2 

r 2 = ze 2 ^ 3 / I , n = ze'"/ 3 I -3 I , (63) 







10/3 






Vr/"V 2 


2/( 








-h 





-/i 




r =i 4 t_i = ie" 4W/J , (64) 



t_ 2 = ie~ 2ie/3 I r/" 1 / 2 1. (65) 



Then r is a real polynomial Killing field. 

To prove the theorem one must show that the t„ satisf y (|l6| ) and ( |l7| ) . This 
is a long but straightforward calculation, using equations (|35[), (^6|) , 



ze'^ 3 


(0 g 


-g 




Vo 




f0 -9 















rf- 1 ' 2 


f— 1/2 








/ 



d 1 / <9 d \ d 1 / <9 ^ 

T; ITT) an d — -7-77, TZr-TT — h I — 



2^/3^/3 Vds 5t/ <9z 2r 1 / 3 e" ie / 3 V9s 9t 
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and identities satisfied by the f3j, 7j, B, C and £, and we leave it to the reader. 

Both ot\ and r have an extra Z2-symmetry, which follows from the fact that 
Xo = 1. Define k : gl(3, C) g[(3, C) by 







A 12 


A 13 \ 




A31 


.4 




A 2 i 


A 22 




A 13 


^33 






Usi 


A32 


^33/ 


U12 


^32 


.4 



(66) 

Then k is a Lie algebra automorphism, and k 2 — 1. It is easy to show from 



Op— qeij) and (|63|)-(|65|) that 

k(« a ) = a_ A and k(t(A)) = -r(-A) for all A G C*. (67) 
The action of k on the algebra of polynomial Killing fields will induce the holo- 



morphic involution p on the spectral curve discussed in §4.2 



We can now determine the algebra of polynomial Killing fields A. 

Theorem 6.5 In the situation above, the algebra of polynomial Killing fields A 
is generated by r, A 3 / and A~ 3 /. 

Proof. Let A' be the subalgebra of A generated by r, A 3 / and A~ 3 /, and suppose 
for a contradiction that A' 7^ A. Let r\ £ A \ A' , and take ij to be real, and of 
lowest degree d. That is, r\ — Yl n =-d ^Vn with rj- n = —fj£ for n = 0, . . . , d, 
and every polynomial Killing field of degree less than d lies in A'. 

As rjd+i — 0, equations ( |i~6|) with n = rf + 1 and ( |l7| ) with n = rf show that 
7yd satisfies 

[»fe,«i] = and ^M = [ % ,^]. (68) 

Divide into the three cases (a) rf = 3k, (b) rf = 3fc + 1, and (c) rf = 3k + 2 for 
some k = 0, 1, 2, We will prove a contradiction in each case in turn. 



In case (a), equation (13) implies that n ( i is diagonal, and then as / is 
nonzero, the first equations of (^30|) and (|68| ) show that rj ( i is a multiple of the 
identity. So write rjd = el for some e : R^^> C. Taking the trace of equations 
( p^| ) and ( p7| ) for n = rf gives || = || = 0, as the trace of any commutator is 
zero. Thus e is constant, and rid — el, r\^d — —el. 

For k > 0, consider rf = rj—e(\ 3 I) k +e(\~ 3 I)~ k . This is a polynomial Killing 
field of degree less than rf, as we have cancelled the terms in X ±d . Therefore 
if E A'. But 77 = rf + e(X 3 I) k - e(\~ 3 I)~ k , so rj E A', a contradiction. Also, 
when k — we have 77 = el £ A' . This eliminates case (a). 



Similarly, in case (b), equation ( |13[) and the first equations of J60|) and ( p8|) 
imply that 



Vd = er 1/3 
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for some function e : R 2 — > C. The second equation of (pffl) is equivalent to 
tj§ = 0, so that e is holomorphic. Using the fact that F\r]F^ is independent of 
z one can show that e must be constant. This determines rjd and r\~d- 
By (|63|) , the leading term of t 2 is 




Suppose for the moment that d ^ 7, so that fc ^ 2. Consider 

7/ = jj + (A 3 /)*-^" 473 ^ 2 - (A- 3 /)*- 1 ^- 4 /^ 2 . 

We have cancelled the terms in X ±d , so rj' is a polynomial Killing field of degree 
less than d, and lies in A' . So 77 lies in ^4', a contradiction. 

The cases d = 1 and d — A must be dealt with separately. By explicit calcu- 
lation we prove that 77 is a multiple of / when d = 1, and a linear combination 
of /, A ±3 I, t and r 2 when d = 4. So 77 G .4', finishing case (b). 

In the same way, in case (c) we find that 

Vd -- 

for some constant e £ C. When d ^ 5 we define 

7/ = 77 + (A 3 /) fe 7r 2/3 er + (A- 3 /) fc 7r 2 / 3 e -T, 

and deduce that 77' £ A!, so that 77 € A'. The case d = 2 we deal with separately, 
by showing that 77 is a linear combination of r and /, and so lies in A' . This 
completes the proof. □ 




We can use similar ideas to show that t/j is of finite type, as in \ 3J5 . Define 
77 = (r 4/3 A 3 -r 4/3 A- 3 )r 2 . (69) 

Then 77 is a real polynomial Killing field of degree 7, and j60| ) and (^) imply 
that 777 = a[ and 776 = 2a' Q . So, by definition, ip is of finite type. 

Furthermore, the proof of the theorem actually implies that every polynomial 
Killing field is of the form P I + Pit + P2T 2 , where Pq,P\,P2 are Laurent 
polynomials in A ±3 . Writing r 3 in this way, and using the Z 2 -symmetry ( |67| ) to 
eliminate some of the terms, we find that r must satisfy a cubic equation 

t 3 + £>T + 7:(<e 2 A 6 + E + £ 2 \- 6 )I = (70) 

for some D, E 6 M. Then A is the quotient of the free commutative algebra 
generated by A ±3 J and r by the ideal generated by this equation. 
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6.4 The spectral curve 

Now we can calculate the spectral curve of ip, as in § |3.6| . Define 

Y' = {(A, fi) eC'xC: det(fj,I - t(X, z)) = 0}, 

as in (p0|). Since A is generated by r and A ±3 7, this is biholomorphic to the 
curve Y of (18), and so the spectral curve Y as defined by Ferus et al. |)| §5] is 
the compactification Y of Y' . 

Calculating using (^)-(^5|), we find that 

det(fil -t) = fi 3 + Dfi + iE + i^X Cl +i^X" 6 , where (71) 
D = f 2 + 2r 2 f- 1 + 2\g\ 2 + 3h 2 and (72) 
E = -fg 2 - ff - 2f 2 h + 2r 2 r X h + 2|.g| 2 /i + 21?. (73) 

As Y' is independent of z <E C, the functions D, E are constant, which may be 
verified directly using (|§5|)-(|3"6|), ( |62] ) and identities satisfied by the j3j , jj , a, b, 
c, B, C and r. 

We can find explicit expressions for these constants by putting v — w = 0, 
which by @-@ gives 

(g) 2 = 4(l-B 2 ), (^) 2 = 4(1-C 2 ) and ^ = ^=0. 

Equation ( |62|) gives values for /, g and h, and substituting these into ( |72| ) and 
©yields 

D = a 2 + 2a" 1 (6 2 + c 2 ) and E 1 = 2(6 2 (1 — i? 2 ) — c 2 (l - C 2 )). (74) 

This proves that the spectral curve as defined by Ferus et al. §5] is the 
compactification Y of 

Y' = {(X,fi) eC'xC: fi 3 + D^ + iE + i£ 2 X 6 + ^ 2 A~ 6 = 0}, (75) 

where D and E are given by (|74|). ft can be shown using elementary algebraic 
geometry that Y is nonsingular for generic D, E, with genus 10. Note that the 
equation satisfied by /i i n (|7q) i s the same as that satisfied by r in (|70]). 

However, Mcintosh |22|, |23|, [2^ | uses a different definition of the spectral 
curve. To find it we replace ^by A in (]7"5|), giving 

X' = {(A,/i) e C* x C : fj? + D^i + iE + i^ 2 X 2 +^ 2 A" 2 = 0}, (76) 

and Mcintosh's spectral curve is the compactification X of X' . For generic L>, E 
it is nonsingular with genus 4. The involutions er : X — > AT and p : X — > X 
discussed in §|3.6| and §4.2 act by 



p : (A, /x) (-A, /x) and cr : (A, /i) h-> (A 1 ,-jti). (77) 

It would be interesting to understand what properties of the spectral curve 
X correspond to the fact that -ip 1S written in terms of single- variable functions 
Uk(s) and Zk(t), rather than more general two-variable functions of (s,t). Ian 
Mcintosh has an explanation of this, which may appear elsewhere. 
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6.5 Interpretation using the ideas of §|] 

Finally we relate the calculations above to the material of §0. From §|6.4| the 



spectral curve X as defined by Mcintosh has genus 4. Thus in §4.3 we have 
p = 4 and d — 2. The parameter counts there show that the moduli space of all 
finite type genus 4 solutions of the Tzitzeica equation, up to translations in R 2 , 
should have dimension 4. All of them are expected to be doubly-periodic. For 
the corresponding maps cj> : R 2 — > S 5 and ip : R 2 — > CP 2 to be doubly-periodic 
is 4 rationality conditions. 

Now the family of genus 4 solutions of the Tzitzeica equations constructed 
in Corollary [D] depends up to translations in R 2 on the 3 parameters B, C of 
§H. Thus, we have not constructed all the genus 4 Tzitzeica solutions, but only 



a codimension 1 subset of them. This agrees with the analysis of §5.4, where we 
were unable to solve the double-periodicity conditions in general, because they 
amounted to 4 rationality conditions on 3 variables. 

Here are two ways of thinking about why the construction yields only a 
codimension 1 subset of the Tzitzeica solutions. Firstly, our solutions have 
a 'separated variable' form, being written in terms of functions v(s),w(t). It 
follows that the period vectors of the doubly-periodic Tzitzeica solutions will 
point along the s and t axes, and so be perpendicular in R 2 . However, the general 
genus 4 Tzitzeica solution will have period vectors which are not orthogonal, 
and to require them to be orthogonal is a codimension 1 condition. 

Secondly, although the moduli space of quadruples (X, p, a, tt) with X genus 
4 is four-dimensional, the subset which can be defined by an equation of the form 



76|) is only 3-dimensional. In §6.3 we saw that our solutions admit a degree 2 
polynomial Killing field r, which satisfies a cubic equation over C[A 3 /, A -3 /]. It 
is this cubic equation which gives X' the simple form (f76|). 

So we conclude that although the family of genus 4 Tzitzeica solutions has 
dimension 4, only a 3-dimensional subfamily of these admit a degree 2 polyno- 
mial Killing field r, and it is this which is responsible for the special form ( f76| ) 
of the spectral curve, and for the other nice behaviour of these examples. For 
generic genus 4 Tzitzeica solutions the first non-trivial polynomial Killing field 
will be of higher degree, and so the spectral curve will be given by a (singular) 
equation of higher-degree in A ±2 . 

7 Extension to three variables 

Next we generalize Theorem |5.l| to a construction of special Lagrangian 3-folds 
in C 3 in which all three variables r,s,t enter in a nontrivial way. The proof is 



similar to that of Theorem 5.1, so we will be brief. 



Theorem 7.1 Let ai, 012, 0^3, ^1,02,03 o,nd 71,72,73 be real numbers with not 
all ctj, not all j3j and not all jj zero, such that 

OL-ifh + «2/?2 + "3/33 = 0, ai7i + a 2 72 + «373 = 0, 

/3i7i + /?272 + /%73 = an d otiPi-yi + a 2 /3 2 72 + a 3 (3 3 ^3 = 0. 
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Let L, J, K be open intervals in K. Suppose that x\, x 2 , x 3 : 1 — ► C and u : I — > M 
are functions of r, that yi, 1/2,1/3 ■ J - * C and u : J — * K are functions of s, 



and zi, z 2 , z 3 : K ^ C and w : K 



dx\ 




dx 2 




= ot\ x 2 x 3 , 




dr 




dr 


dyi 


= PiWm, 


dj/2 


ds 


ds 


dzi 




dz 2 


~dt 


= J1Z2Z3, 


~dt 


xi\ 2 


= a\U + 1. 




vi\ 2 


= /3i« + l, 


bl 2 




= 71W + 1, 


N 2 



functions of t, satisfying 
dx 3 



a 2 X3XX, 
P2IW1, 

a 2 u + 1- 

/%« + !, 
72W 



1. 



dr 

dm = 
ds 

d£3 _ 

dt 

ly 3 l 2 = 

k3| 2 = 



a 3 ^1X2, 


(79) 




(80) 


73~zTz~2, 


(81) 


a 3 u + 1. 


(82) 


03« + l, 


(83) 


73 w + 1. 


(84) 



If ([T9D — (|SlJ) hold for all r,s,t and (|2|)-(j84|) hold for some r, s,t, then 
hold for all r, s, t, for some functions u, v, w. Define $ : I x J x K — 

$ : (r,s,i) i-> (xi(r)yi(s)zi(t),a:2(r)y2(s)z2(<),a;3(r)y3(s)z3(t)). 

Define a subset N of C 3 61/ 

iV = ($(r,s,t) :r€l,s€J,te K). 

Then N is a special Lagrangian 3-fold in C 3 . 



3Hg§ 

C 3 6t/ 
(85) 

(86) 



Proof. The first part of the theorem, that if ©-(II) hold for all r, s, t and ( §2^ 
for some r, s, t, then (82)-(p^) hold for all r, s, t, follows as in Theorem 5.1 
For the second part, we must prove that N is special Lagrangian wherever $ is 
an immersion. As in Theorem 5.1, this holds if and only if 



V dr ' ds I \dr'dtJ \ ds ' dt J 



and 



9$ <9$ 9$ 



Using equations 
9s" 

Equations (|9|) and 



<9r 9s 

|-@ and @ we find that 



at/ 



0. 



(ai x^yizx, a 2 X3X1V2Z1, a 3 ~x~[x~ 2 y 3 z 3 ) , 
(/?i#i mfczi, P2X2 WUl z 2, f3 3 x 3 W&2Z 3 ) , 
(71^12/1 ; ^3, 72^22/2 £pi , l3X 3 y 3 zTz~ 2 ) . 



(87) 
(88) 

(89) 
(90) 
(91) 



give 

,W Si) - Im (^T^2S3yiy22/ 3 )(ai/3iki| 2 + a 2 [3 2 \z 2 \ 2 + a 3 (3 3 \z 3 \ 2 ) 
Im.(x 1 x 2 x 3 y 1 y 2 y 3 )(aiPi(-fiw + l)+a 2 p 2 (j 2 w + l)+a 3 p 3 (j 3 w + l)) 
Ira(xix 2 x 3 yiy 2 y 3 ) (aif3i+a 2 f3 2 + a 3 [3 3 +w(aif3i"/i + a 2 f3 2 j 2 + a 3 (3 3 j 3 )) =0, 
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using ( p4| ) in the second line and (|7^) in the third. This proves the first equation 
of (p7j). The second and third follow in a similar way. 
To prove (pq), observe that 



V dr ' 9s ' dt j 











)- 


<9r 


ds~ 


"fit 



ai^issyi^i /?ia;i yTUzzi lixiyiZ2~z~3 

a2X^Xiy 2 Z2 fi2X2lMh z 2 12X2H2Z3Z1 

a 3 ~xTT2y3z 3 f3 3 x 3 yTy~2z 3 ~f 3 x 3 y 3 zTz~2 
= (ai\x 2 x 3 \ 2 P2\y3yi\ 2 73\ziz 2 \ 2 + a 2 \x 3 xi\ 2 f3 3 \y 1 y 2 \ 2 "fi\z2Z 3 \ 2 
+a 3 |a;ia;2| 2 /3i|2/22/3| 2 72k3^i| 2 - ai |^2^3 1 2 /?3 | 2 T2 1 ^3^1 1 2 
-a 2 \x 3 xi\ 2 fJ 1 \y 2 y 3 \ 2 73\ziZ2\ 2 - a 3 \x 1 x 2 \ 2 f32\y3yi\ 2 Ji\z2Z 3 \ 2 ). 



Thus fi(f , f , f ) is real, and so Imtt(f , f , § 
Here are a few comments on the theorem. 



0. 



□ 



(a) In Theorem 5.1 we took the ranges of s, t to be R, but here we take r, s, £ in 
intervals 7, J, if in R. This is because, by an argument in [[l4|, Prop. 7.11], 
the conditions 0\ + (3 2 + @3 = and 71+72+73 = imply that solutions 
of ( p4] ) and (|2^) in some open interval extend automatically to all of R. 

However, in Theorem 1_A we do not assume that ol\ + a2 + a 3 = 0, and 
so it could happen that ai,OL2,ot 3 all have the same sign. In this case, 
solutions Xj to ( |79| ) will in general exist in some open interval I C R with 
\xj\ — > 00 at the endpoints of /, so that they do not extend to R. The 
same applies to and 



(b) As in §5.2 we can write the Xk,yu and Zk entirely explicitly in terms of 
integrals involving the Jacobi elliptic functions. 



(c) As in Theorem 5.4, in the situation of Theorem 7.1, ^ and §| are 

v ' I j' I V Or ' os ot 

always complex orthogonal. But in general they are not of the same length, 
so $ is not conformal. 



(d) We may recover Theorem 57 from Theorem |7.1| as follows. Put ol\ — a.2 
a 3 = 1, so that ( f78|) becomes equivalent to ([23|). Define 



7=(-oo,0), a?i(r) = x 2 (r) = x 3 (r) = -1 



and u(r) = r 2 — 1, 



and J = K = R. Then (f79|) and (||) hold, and Theorem [7+] becomes 



equivalent to Theorem 5.1, but with a different parametrization for r. 



7.1 Description of the family of SL 3-folds 

We shall now describe the family of SL 3-folds resulting from Theorem |7.l[ Wc 
begin by studying the set of solutions Oj , flj , jj to ((78J) . Define vectors 

at = (a 1 ,a 2 ,a 3 ), (3 = (J3 1 , f3 2 , P 3 ), 7 = (71, 72, 73), 

a/3 = (ai/3i,a 2 /?2, 03/33), "7 = ( a i7i, "272, «373), Pi = (/3i7i> #272, #373) 
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in R 3 . Rescaling ot,f3 and 7 has no effect on the SL 3- folds constructed in 
Theorem so let us assume a,/3, 7 are unit vectors. We will show that a 
generic choice of a determines f3, 7, essentially uniquely. 

Proposition 7.2 Let ex be a unit vector in R 3 , with a\, 0.2,0:3 distinct and 
nonzero. Then there exist unit vectors f3, 7 satisfying (^q), which are unique up 
to sign and exchanging /3,7. 




Proof. Equation ( |7q ) implies that a, (3 and a(3 are orthogonal to 7. As 7 7^ 0, it 
follows that c*,/3 and a/3 are linearly dependent. Therefore det(a (3 a.0) = 0. 
This may be rewritten in matrix form as 

a 3 (a 2 -ai) a 2 (ai -a 3 )\ /ft\ 

Q(/3) = §| ft I I "ataa-aO ai(a 3 -aa) ft 1 = 0. (92) 

v a 2 (ai-a 3 ) ai(a 3 -a 2 ) / Vft/ 

Similar equations hold between the and 7^, and between the f3j and 
7 3 . Now the 3x3 matrix appearing in ( p2| ) has trace zero and determinant 
2aia2Q;3(ai — a 3 ){a2 — a%)(as — a 2 ). As by assumption a±, 0.2,0.3 are distinct 
and nonzero, this determinant is nonzero. Hence Q is a trace- free, nondegenerate 
quadratic form on R 3 . 

Therefore, (3 must be a unit vector in the intersection of the plane a ■ (3 = 
and the quadric cone (|92| ) in R 3 . Let a 1 be the plane perpendicular to a, and 
consider the restriction Q\ a ± of Q to a . As a is a unit vector, we have 

= Tr(Q) =Tr(QU) +Q(a). 

But Q(a) = by (|92|), so Q| a x is trace-free. 

Thus, by the classification of quadratic forms on M 2 , there exists an or- 
thonormal basis (3, 7 for a 1 - such that Q(x(3 + yy) = cxy for some c and all x, y 
in R. If c = then Ql^^ — 0, so Q is degenerate, a contradiction. So c ^ 0, 
and therefore (3, 7 are unique up to sign and order, with Q{(3) = Qi'j) = 0. 

As a,/3,7 are orthonormal they automatically satisfy the first three equa- 
tions of (|78|). But by construction we have arranged that a, (3 and ol(3 are 
linearly dependent, so af3 — xa + yf3 for x, y € R. The fourth equation of ( f78| ) 
then follows from the second and third. □ 

The moral of the proposition is that a generic choice of a determines (3 and 
7 up to obvious symmetries. However, for a nongeneric choice of a there can 
be more freedom in (3 and 7. For instance, if we put a = 3 _1 / 2 (1, 1, 1) then 
Q = 0, and /3, 7 can be arbitrary orthonormal vectors in a 1 - . 

We can now do a parameter count for the family of SL 3-folds coming from 
Theorem [7.1[ The proposition shows that up to symmetries, the data Oj, (3j , 7 ? - 



has two interesting degrees of freedom. Also, as in Propositions 5.2 and |5.3| 
there exist constants A, B, C £ R such that 

lm(xiX2X 3 ) = A, Im(yi?/22/3) = B and Im(ziz 2 23) = C. 
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Together the a>j,f3j,jj and A,B,G determine N up to automorphisms of C 3 . 
Thus the construction of Theorem 7.1 yields a 5-dimensional family of SL 3- 
folds, up to automorphisms of C 3 . 

We can also discuss the possible signs of the a/-, flk , 7*. Suppose for simplicity 
that ak,Pk,Jk are all nonzero. Then the four equations of ( |78| ) constrain the 
signs of afe , /3k j 7fe j as in each equation the three terms cannot have the same 
sign, since their sum is zero. Now permuting a, /3, 7, and reversing a ny of their 
signs, does not change the set of SL 3-folds constructed in Theorem 7.1. 



Considering the constraints on the signs of the ak,Pk,Jk, it is not difficult 
to show that by permuting and changing signs of a, (3, 7 we may can arrange 
that the c<k are all positive, two of the (3k are positive and one negative, and 
two of the jk positive and one negative. 

With this choice of signs, the argument in |lj, Prop. 7.11] shows that solu- 
tions yk,Zk to (|80|)-([Sl|) and (|85|)-(|84|) automatically extend to R, so we may 
take J = K = R. However, solutions Xk to (^) and (|8|) generally exist only 
on a proper subinterval / of R. Let us take I to be as large as possible. 



The discussion of § [5.4| suggests that we should try to arrange that the yk 
are periodic in s and the Zk periodic in t. When this happens, V pushes down 
to an immersion I x T 2 — > C 3 , whose image is a closed SL 3- fold in C 3 . The 
double-periodicity conditions in s, t in this case turn out to be equivalent to 



those in §5.4, and there are analogues of parts (a)-(c) of §5.4 in which one can 
prove they are soluble, which yield countably many families of closed, immersed 
SL 3-folds in C 3 diffeomorphic to T 2 x R. 



7.2 Conclusion: an open problem 



Theorems 



5.1 



and 7.1 are clearly very similar. But in §|6|we saw that the special 
Lagrangian cones of Theorem 5.1 can be put into a much larger integrable 
systems framework. Is there also an 'integrable systems' explanation for the 
SL 3-folds of Theorem |7.1| ? Certainly the solutions of Theorem 7.1 have many 
of the hallmarks of integrable systems: commuting o.d.e.s, elliptic functions, 
conserved quantities. 

More generally, I suspect that in some sense, SL m-folds in C m for m ^ 3 
may constitute some kind of higher-dimensional integrable system. 

The evidence for this is that there exist many interesting families of SL 
77i-folds in C m which can be written down explicitly, or have some other nice 
properties. For examples, see papers by the author H , |l5| , |l6| , [lTj, 
others such as Harvey and Lawson p3, III. 3], Haskins p3[ and Bryant \ % 
when the special Lagrangian equations are reduced to an o.d.e., it often turns 
out to be a completely integrable Hamiltonian system, as in [|l4| §7.6]. 

I have no real idea of how to prove that the special Lagrangian equations are 
integrable, or even of exactly what it would mean for a p.d.e. to be integrable 
in more than two dimensions. So I would like to bring this question to the 
attention of the integrable systems community, in the hope that someone else 
may be able to answer it. 
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